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Abstract. A classical result, fundamental to evolutionary biol- 
ogy, states that an edge- weighted tree T with leaf set X, positive 
edge weights, and no vertices of degree 2 can be uniquely recon- 
structed from the leaf-to-leaf distances between any two elements 
oi X. In biology, X corresponds to a set of taxa (e.g. extant 
species), the tree T describes their phylogenetic relationships, the 
edges correspond to earlier species evolving for a time until split- 
ting in two or more species by some speciation/bifurcation event, 
and their length corresponds to the genetic change accumulating 
over that time in such a species. In this paper, we investigate 
which subsets of (^) suffice to determine ('lasso') the tree T from 
the leaf-to-leaf distances induced by that tree. The question is par- 
ticularly topical since reliable estimates of genetic distance - even 
(if not in particular) by modern mass-sequencing methods - are, in 
general, available only for certain combinations of taxa. phyloge- 
netic tree and tree metric and tree reconstruction and lasso (for a 
tree) and cord (of a lasso) 

1. Introduction 

A metric D on a finite set X is said to be a 'tree metric' if there is 
a finite tree with leaf set X and non- negative edge weights so that, for 
all X, 2/ G X, -D(x, y) is the path distance in the tree between x and y. 
It is well known that not every metric is a tree metric. However, when 
a metric D is a tree metric, the tree (together with its edge weights) 
that provides a representation of D is - up to canonical isomorphism 
- unique if we also insist that the tree is an 'edge-weighted X— tree', 
i.e., that it has no vertices of degree 2 and that all of its interior edges 
have strictly positive edge weights. However, not all of the (''^') pairs 
of distances are required in order to reconstruct the underlying tree. 
Thus, it seems of some interest to investigate which subsets of ("^j 
suffice to determine ('lasso') the tree. In this ffist of a series of papers, 
we expound various aspects of this problem, present some relevant 
definitions, and collect some basic facts. 
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Our work is partly motivated by the widespread use of distance-based 
methods for reconstructing phylogenetic trees in evolutionary biology 
[TT] . A further reason is that asking similar questions for induced 
subtrees rather than for 'sparse' sets of distances gave rise to a rather 
appealing theory dealing with 'sparse' collections of induced subtrees 
that suffice to 'define' an X— tree (see e.g. p], [9]). 

Provided one has access to all distances, and these are known to be 
sufficiently close to the distances induced by some (as yet unknown) 
tree, then that tree, together with its edge weighting, can be computed 

- with some degree of confidence - from those distances in polynomial 
time (for example, by using Neighbor- Joining pQ). However, much 
of the data being generated - even by modern genomic methods - 
have patchy taxon coverage \T5\ whereby only certain pairs of taxa 
have a known (or, at least, sufficiently reliable) distance. This raises 
interesting mathematical questions (besides the obvious statistical and 
algorithmic ones) concerning tree reconstruction from such incomplete 
data some of which we will address here. 

More specifically, in this first of a series of papers, we want to explore 
the basic properties of 'edge-weight', 'topological', and 'strong lassos' 

- being primarily interested in the uniqueness question: Given the 
restriction of a tree metric D to some subset C of (^), how much 
can we learn about the tree representing D from that restriction? In 
particular, we ask which subsets C of (^) provide enough 'coverage' in 
order to fully determine an edge- weighted X— tree or, at least, its shape, 
or - given its shape - its edge lengths in terms of just the distances it 
induces between the pairs of taxa collected in C. Or, put differently, 
how much 'missing data' (pairs of taxa x,y for which D{x,y) is not 
known) can we allow and still be guaranteed to recover them from 
those distances that we can observe. 



2. Some basic definitions and facts 

2.1. Trees and tree metrics. Consider any ffnite tree T = {V, E) 
with vertex set V, leaf set X CV, and edge set E C together with 
an edge weighting - i.e., a map u in the set Q = Qt '■= ^>o that assigns 
a non-negative length u{e) to every edge e & E. Any such pair {T,u) 
induces a distance function: 

(1) = D(T,u) ■■ K>o : {x,y} h> D^{x,y) := u+{ETix\y)) 

where Et{u\v) denotes, for any two vertices u,v eV, the set of edges 
in E that 'separate' u and f in T (and, thus, together make up the 
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path from m to f in T) and a;+(F) denotes, for any non-empty subset 
F of E, the sum J2e&F^i^)- 

For example, in Fig. [H we have ET{a\c) = {{a,u},{u,v},{v,c}} 
and, thus, D^(a, c) = 3 for the binary tree T := T4 with leaf set 
X4 := {a,b,c,d} and an interior edge that separates the leaves a, b 
from the leaves c, d provided unit edge length has been assigned to all 
edges of that tree. 



a c 




Figure 1. The set £4 = {{a,b},{c,d},{a,c},{b,d}} 
lassos the shape of the X4— tree T4 while £4 U {{a,d}} 
and £4 U {{ft, c}} are strong lassos for T4 (see text for 
details). 

While is clearly a (pseudo-) metric on X (and a proper metric if 
- but not necessarily only if - a; is strictly positive), not every metric 
on X can be represented in this way: The condition for an arbitrary 
metric D on X to have a phylogenetic representation, that is, to be 
representable in the form D = for some finite edge-weighted tree 
(T, u) with leaf set X, is that D satisfies the well-known four-point 
condition which states that, for all a, b,c,d & X, the larger two of the 
three distance sums D{a, b)+D{c, d), D{a, c) + D{b, d), D{a, d)+D{b, c) 
coincide or, equivalently, if 
(2) 

D{ab\cd) ■=max{D{a,c)+D{b,d), D{a,d)+D{b,c)}-D{a,b)-D{c,d) 

is non-negative for all a, b,c,d & X. 

Such a metric D is said to be a tree metric, and any finite tree 
T = {V, E) as above for which some u G Qt with D = exists will 
be dubbed a D—tree. Furthermore, such a tree T will be said to be a 
proper D—tree if T has no vertices of degree 2 and it has a proper edge 
weighting u with D = D^, i.e., a map ui e VLt that is strictly positive 
on all interior edges of T. 

Clearly, given any tree metric D, many non-equivalent D— trees T 
with edge weightings oj can exist such that D = holds, since adding 
zero-length edges and/or subdividing any edge of a D—tree by degree 2 
vertices yields further D— trees. However, it has been well known since 
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the 1960s (see, for instance, [2] and [16] and the references therein) 
that there is 'essentially' only one proper D— tree T for any tree metric 
D and, given T, only one edge weighting u G Qt for which D = D^^ 
holds. This was actually one of the starting points of what currently 
is called phylogenetic combinatorics. 

More specifically, recall that, given a finite set X of cardinality at 
least 3 (the set X typically represents the collection of 'taxa' under 
consideration - e.g. some extant species), a finite tree T = (V, E) with 
vertex set V , leaf set X C ^, and edge set E C having no vertices 
of degree 2 is said to be a phylogenetic X—tree or (in the context of 
this paper) more briefly an X—tree and that an X—tree for which 
every interior vertex has degree 3 is said to be a binary X—tree. With 
these definitions in hand, the following relationships are well-known 
and easily established. 

(i) |E| < 2|X| - 3 holds for every X-tree T = {V, E); and 

(ii) \E\ = 2|X| — 3 holds if and only if T is a binary X—tree 

Recall also that two X— trees T = {V, E) and T' = {V, E') are said to 
be (topologically) equivalent (written T ^ T') if there exists a (neces- 
sarily unique) graph isomorphism (f : T T' that respects X, i.e., 
a bijection (p : V ^ V with E' = [{{p{u),(p{v)} : {u,v} G E} 
and if{x) = X for all x G X, and that T' is defined to be a re- 
finement of T (written T < T') if - up to equivalence - T can be 
obtained from T' by collapsing edges in T' (see [IS])- Furthermore, 
two edge- weighted X— trees (T, w), (T', w') are said to be isometric 
(written {T,uj) = {T',u')) if there exists a graph isomorphism (p : 
T ^ r' as above that respects not only X, but also the edge lengths, 
i.e., also ijj{{u,v)}) = u'{{ip{u),(p{v)}) holds for all edges {u,v} G E 
of T. For example, denoting the 'all-one map' on a set A by 1"^, two 
X— trees T = (V, E) and T' = {V'E') are equivalent if and only if the 
corresponding edge- weighted X— trees (T, 1-^) and (T', 1^ ) are isomet- 



The basic result referred to above then states that, given any two 
X— trees T,T' with proper edge weightings u G Qt and u' G Qt', one 
has 



ric. 



(3) 




and, therefore, also 



(4) 




for any fixed X—tree T = (V, E) and all u, u' G fir- 
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What we will be concerned with here is that, given (T, a;) and (T', oj') 
as above, we do not even always need the associated metrics and 
D^/ to coincide on all pairs {x, y} G (^) to conclude 

- that T' must be equivalent to (or at least a refinement of) T, 

- that {T,u) and (T',u') must be isometric, or 

- that u = u' must hold in case T = T'. 

Indeed, if T and T' are two X4— trees, and u and u' are proper edge 
weightings of T and T', respectively, then 

(i) T and T' must be equivalent whenever the two metrics D := 
and D' := D^i coincide on the four pairs {a, {c, d}, {a, c}, and {6, rf}, 
and D{a,b) + D{c,d) < D{a,c) + D{b,d) holds (in which case, both 
must be equivalent to the tree depicted in Fig. [1]) ; 

(ii) (T,oj) and (T',ui') must be isometric or, equivalently, D and D' 
must coincide if these two maps coincide, in addition, on just one of 
the remaining two pairs {a, d} or {b, c}. 

2.2. Lassos. To deal with such matters, we define, given a subset C of 
(^), two edge weighted X— trees {T,u) and {T',u') to be C-isometnc 

(written (r,a;) i (T',a;')) if = D'\c holds for D := and D' := 
D^/. Then, given an X— tree T, it seems of some interest to study those 
subsets C of (^) that have one of the following properties: 

(L-i) u = u' holds for all proper edge weightings u,u' of T with 
{T,u) i (r,a;'); 

(L-ii) T c:^ T' holds for any X— tree T' for which there exist proper 

edge weightings oj of T and u' of T' with {T,uj) = {T',u'); 
(L-ii') T < T' holds for any X— tree T' for which there exist proper 

edge weightings oj of T and u' of T' with {T,u) = {T',u'); 
(L-iii) {T,u) = (T',u') holds, for every given proper edge weighting u 
of T, for any X— tree T' and any proper edge weighting u' of 

r with {T,u) i {T',u'). 
To this end, given an X— tree T, we define a subset £ of (^) to be: 

(i) an edge-weight lasso for T (or to lasso the edge weights of T) 
if (L-i) holds; 

(ii) a topological lasso for T (or to lasso the shape of T) if (L-ii) 
holds; 

(ii') a weak lasso for T (or to corall T) if (L-ii') holds; and 

(iii) a strong lasso for T (or just to lasso T) whenever (L-iii) holds. 
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As we deal here with 'lassos', any 2-subset c = {x, y} G (^) of X 
will also be called a cord, often written more briefly as c = xy; also, we 
refer to the cords in a lasso C as the cords 'in' C 

Using this terminology, we can rephrase the example discussed at the 
end of Subsection 12.11 as follows: The four cords ab, cd, ac and bd form 
a topological lasso £4 for the tree T4 depicted in Fig. [H and adding 
either the cord ad or be yields a strong lasso for that tree. 

Clearly, a subset C is an edge- weight lasso for an X— tree T = iV,E) 
if and only if D = D' holds for any two tree metrics D, D' defined 
on X with D\c = D'\c for which T is simultaneously a proper D- 
and a proper D'— tree: Indeed, if u and u' are proper edge weight- 
ings of T with D = and D' = D^i, we have = D'\c <^=^ 

{T,u) i (r,w')" and ''D = D' ^ u = w'" and, therefore, "Dj^ = 

D'\c ^D = D'" if and only if "(T, u) i (T, u')^uj = w'" . 

Similarly, £ is a topological (or a weak) lasso for T if and only if 
every X— tree T' for which there exist tree metrics D and D' with 
D\c = D'\c such that T is a proper D— tree and T' is a proper D'— tree 
is equivalent to (or a refinement of) T. And £ is a strong lasso for T 
if and only ii D = D' holds for any two tree metrics D, D' defined on 
X with D\c = D'\c for which T is a proper D— tree and, hence, if and 
only if it is both, an edge-weight lasso and a topological lasso for T. 

In particular, if there exists a pair u,u' of edge weightings of T with 
Dcj\c = Di^'lc such that a; is a proper and u' is not a proper edge 
weighting of T, then C is neither a topological lasso for T nor for the 
X— tree that results by 'collapsing' any of the interior edges e of T with 
Lj'{e) = 0. 



2.3. Some further conventions, definitions, notations, and well- 
known facts. We end this section by listing some simple conventions, 
definitions, and well-known facts (see, e.g., [16]) that will be used 
throughout. 

2.3.1 Firstly, we will assume throughout that X is a finite set of 
cardinality n > 3 and we put |J £ := |Jce£ ^'^^ non-empty subset 
£ ^ (^)- We will refer to a subset £ of (^) as being 'connected', 
'disconnected' or 'bipartite' etc. whenever the graph r(£) := {X,C) 
is connected, disconnected, or bipartite and so on, and a connected 
component of r(£) will also be called a connected component of £. 
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2.3.2 For every edge / of a tree T = (V, E), we denote by 5/ G Qt the 
map defined by 



And for every leaf a of a tree T with at least 2 vertices, we denote by 
Ca = the unique edge of T containing a and by Va the other (in case 
|\^| > 3 necessarily interior) vertex of T contained in Ca- 

2.3.3 Two distinct leaves, a and b, in a tree T with Va = Vb will be 
said to form a T— cherry, and they will be said to form a T— proper 
cherry if, in addition, Va{= Vb) has degree 3; for example, the two pairs 
a, b and c, d form proper cherries in the tree T4 depicted in Fig. [TJ A 
caterpillar tree is a binary X— tree that has exactly two proper cherries 
(see, for example the tree Tg in Fig. IH or the tree in Fig. [7]). 

2.3.4 The median of three vertices u, v, and w of a tree T = {V, E) is 
the unique vertex in V that is simultaneously contained in the three 
paths connecting any two of u, v, and w in T, and will be denoted by 
medxiu, v, w). For example, the vertex u in Fig. [T]is the median of the 
three leaves a, b, c. 

Given an X— tree T = (V, E) and any subset X' of X, the restriction 
of T to X' (i.e., the tree with vertex set medriX') := {medT(a;, y, z) : 
x,y,z G X'} and edge set the set of all pairs {u,v} G (™'='^t(^ )j 
which medT{u,v, x) G {u,v} holds for all x G X') will be denoted 
by T\x', and its vertex and edge sets by V\x' and E\x', respectively. 
And, given any edge weighting u of T, the induced edge weighting of 
T', i.e., the edge weighting that maps any edge {u,v} G E\x' onto 
the sum u+(^Et{u\v)), will also be denoted by ulx'- These concepts 
are illustrated in Fig. [2] for the caterpillar tree with leaf set X^ : = 
{a, b, c, d, e} and the two cherries a, b and d, e depicted in Fig|2]on the 



It is well known and easily seen that T\x' is a (binary) X'— tree for 
every (binary) X— tree T and every subset X' of X of cardinality at 
least 3. 

2.3.5 An X— split is a 'split' or 'bipartition' of X into two disjoint non- 
empty subsets. A quartet is a bipartition of a 4-set into two disjoint 
subsets of cardinality 2. In case a, a', b, b' are any 4 distinct elements, 
the quartet {{a, a'}, {b, 6'}} is also denoted, for short, by aa'\\bb' while 
a|a'|{)|6' stands for the partition of {a, a', b, b'} into the four one-element 



A quartet tree is a binary tree T with exactly four leaves - and, 
therefore, exactly two cherries. We will also say that such a tree T is a 




left. 



sets {a},{a'},{b},{b'}. 
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a 



a 




e 



c 



d 




e 



c 



d 



(T\x',uj\x') 



Figure 2. For X' := {a,c,d,e} C X5 = {a,b,c,d,e}, 
the X'— tree on the right is obtained from the X5— tree T5 
on the left by restricting its leaf set to X'. The associated 
induced edge weighting u\x' is also indicated. 

quartet tree of type aa'\\bb' if its two cherries are formed by the leaves 
a, a' and b,b', i.e., {a,a' ,b,b'} is the 4-set that forms the leaf set of 
T, and T has a (necessarily interior and necessarily unique) edge that 
separates a, a' from b, b' (so, as stated in Fig.[Tl the tree T4 depicted in 
that figure is a quartet tree of type ab\\cd). In addition, a tree T with 
exactly four leaves a, a', 6, b' will be said to be a tree of type a|a'|6|f)' if 
it is non-binary, so that any tree T with leaf set {a, a', 6, 6'} is either a 
tree of type a|a'|{)|6' or a quartet tree of type aa'\\bb' , ab\\a'b' , or ab'\\a'b. 

Further, an X— tree T is said to display a quartet xx'\\yy' (or, re- 
spectively, the partition x\x'\y\y') if {x,x' ,y,y'} is a 4-subset of X and 
T\{x,x',y,y'} is a quartet tree of type xx'\\yy' (or, respectively, a tree of 
type x\x'\y\y'). By abuse of notation, T will also be said to display 
xx'\yy' if it either displays xx'\\yy' or x\x'\y\y' or, equivalently, neither 
xy\\x'y' nor xy'\\x'y. The collection of all quartets displayed by T will 
be denoted by Q{T). 

Recall also that, given any five distinct elements x,x',y,y',y" G X, 
T displays xx'\\yy" (or xx'\yy", respectively) if it displays xx'\\yy' and 
xx'Wy'y" (or xx'\yy' and xx'\y'y") In addition, given any proper 
edge weighting u of T, T displays 

• xx'Wyy' if and only if Dca{xx'\yy') > hold£|, 

• x\x'\y\y' ifandonljif D^{x,y)+D^{x',y') = D^{x,y')+D^{x' ,y) = 
Di^{x, x') + Di^{y, y') holds; and 



^Recall that D^{ab\cd) = max {£)(a,c) + D{b,d), D{a,d) + D{b,c)] - D{a,b) - 
D{c,d) for D^D^ 
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• xx'\yy' if and only a D^{x,y)+D^{x',y') = D^{x,y')+D^{x' ,y) 
holds. 

Furthermore (see for instance Chapter 7 in [9J), one has 

(6) mm{D^{xx'\yy'),D^{xx'\y'y")} < D^{xx'\yy") 

for all X, x', y, y' , y" as above whenever T displays xx'\yy' and xx'\y'y". 
In consequence, 

(7) D^{xx'\yz) = D^{xx'\y'z) 

holds for all x,x',y,y',z G X with Di^{xx'\yy') > Di^{xx'\yz) and, 
given any six elements x, x' , y, y', and z, z', one has 

(8) D^{xx'\yz) = D^{xx'\y'z) = D^{xx'\yz') = D^{xx'\y'z') 

whenever Di^{xx'\yy'), Di^{xx'\zz') > D^{xx'\yz) holds. 

2.3.6 Next, given any two non-empty subsets A and B of X, an 
X— tree T is said to display A\\B (or A\B, respectively), if A and B 
are disjoint and T displays aa'\\hh' (or aa'\hh\ respectively) for any two 
distinct elements a,a' E A and b,b' E B or, equivalently, if this holds 
for some fixed a E A and b E B and all a' E A — {a} and b' E B — {fe}. 

If T displays A\\B and AVJ B = X holds, the pair A, B will also be 
called a T— split, and a non-trivial T —s^Ait if, in addition, \A\, \B\ > 2 
holds. Similarly, if T displays A\B and AUB = X holds, the pair A, B 
will also be referred to as a virtual T— split, and a non-trivial virtual 
T— split if, in addition, \A\, \B\ > 2 holds. 

Notice that if T displays both A\\B and A'\\B' {ot A\\B and A'\B' or 
A\B and A'\\B') then one of the four intersections AnA', AnB', BnA', 
and B n B' is empty. Any two X— splits that satisfy this last property 
are said to be compatible, otherwise they are incompatible. 

Further, given - in addition - any edge weighting u of T, we put 

D^{A\B) := min {D^{aa\bb') : a,a E A, b, b' E B} 

so that T displays A\\B if and only if D^{A\B) > holds for one 
or, equivalently, for every proper edge weighting a; of T - note that 
this notation is consistent with our previous notation as, in view of 
the triangle inequality, we have Di_j{aa'\bb') = D^{{a, a'}\{b,b'}) for all 
a, a', b, b' in X. 

Clearly, two leaves a,a' E X form a proper T— cherry if and only 
if the pair {a,a'},X — {a, a'} forms a T— split or, equivalently, if and 
only if T displays {a, a'}\\X — {a, a'}; and they form just a T— cherry 
if and only if the pair {a,a'},X — {a, a'} forms a virtual T— split or, 
equivalently, if and only if T displays {a, a'}\X — {a, a'}. So, both trees 
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depicted in Fig. [2] display the quartet ac||rfe; and the pair {a, b, c}, {d, e] 
forms a T5— spht. 

2.3.7 It is also well known that an X— tree T displays A\\B for two 
disjoint non-empty subsets A and i? of X if and only if there exists 
some edge e E E with e G ET{a\b) for all a G A and h E B and, 
hence, if and only if there exists a T— split A* ^ B* of X with A 'O A* 
and B C B*. Furthermore, if ^4, i? is a T— split, there is exactly one 
edge e = cawb G E with e G ET{a\b) for all a G A and b E B. And 
associating, to each T— split A, B, the edge cawb defines a canonical 
one-to-one correspondence between the collection S{T) of all T— splits 
and the edge set i? of T as well as between the collection SntiT) of all 
non-trivial T— splits and the set of all interior edges of T. 

Furthermore, given any bipartition S' of X into two disjoint and non- 
empty subsets A', B' of X and any X— tree T, the following assertions 
are equivalent: 

• the pair A', B' forms a virtual T— split; 

• S' = {A', B'} is compatible with every T— split S G S(T); 

• there exists an X— tree T' with S{T') = S{T) U {S'} such that 
collapsing the edge ca'Wb' in T' yields - up to canonical isomor- 
phism - the tree T. 

And putting A{a\bx) := {a' E X : a' = a 01 aa'\\bx G Q{T)} for any 
three distinct elements a,b,x E X, the pair A{a\bx), X —A{a\bx) always 
forms a T— split and the pair A{a\bx)U A{b\ax) , X — (^A{a\bx)U A{b\ax)^ 
forms a virtual T— split. Furthermore, there exist, for every T— split 
S = A\B with \B\ > 1, two distinct elements b,x E B such that S 
coincides with the pair A{a\bx),X — A{a\bx) for one or, equivalently, 
for every a E A. Also, given any element x' E X — {a, b, x} with 
a6||xx' G Q{T), one has a' G A{a\bx) for some a' E X — {a, b, x} if and 
only if one has Dt_j{aa'\xx') > D^{ab\xx') for some or, equivalently, for 
every proper edge weighting u of T. In particular, given any bipartition 
S of X into two disjoint and non-empty subsets A, B of X, some a E A 
and two distinct elements x, x' E B, the pair A, B forms a T— split if 
and only if one has Di^{aa'\xx') > Di^{ab\xx') for all a' E A and b E B 
(see Fig. [3D. 

2.3.8 Finally, it is also well known (see e.g. [12]) that, given two 
X— trees T and T', one has 

Tc^T' ^ Q{T) = Q{T') ^ S{T) = S{T') ^ Snt{T) = Snt{T') 
or, more generally, 

T<T' ^ Q{T) C Q(T') ^ S{T) C S{T') ^ SntiT) C SntiT'). 
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A B 

(a) (b) 



Figure 3. (a) When A, B forms a T-split and x, x' G 
B, then D^(aa'|a;x') > Di^{ab\xx') holds for all a, a' & A 
and b E B] (b) If A, B does not form a T— split, there 
exists, for all a G A and x, x' G B, some a' E A and 
b E B with Dtj(aa'|xa;') < D^(a6|xx') (see text for de- 
tails). 

3. Contents and outlook 

Our series of papers devoted to a rather detailed study of edge- 
weight, topological, weak, and strong lassos is organized as follows: In 
the next section (Section H]), we will present some elementary prop- 
erties and some instructive examples of lasso sets. In Section |5l we 
wiU present and apply some results that are helpful for investigating 
lassos in a recursive fashion. In Section |6l we will introduce and dis- 
cuss a useful concept for recognizing strong lassos - the concept of 
'£-shellability', - and, finally, we will study two particular types of 
lassos called e— covers and t— covers, respectively, in Section [7]- lassos 
that show up naturally in our context and have, to some extent, al- 
ready been recognized in previous work (cf. [2] and [1]) as exhibiting 
some particularly attractive and useful properties. 

In particular, for any bipartition A, B of X, the set C = AV B := 
{{a, 6} : a G A,b E 5} is a topological lasso for an X— tree T if and 
only if ^4 V i? is a t— cover of T if and only if A, B is incompatible with 
every non-trivial virtual T— split (Theorem 17. 3p . 

In a subsequent paper, we will discuss various classes of examples and 
'counter-examples'. In particular, we will present a full characterization 
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of topological lassos for X— trees with at most two interior vertices, we 
will show that every t— cover of such an X— tree T is a weak lasso for 
T provided both of its two interior vertices have degree at least 4, and 
we will list all edge-weight and all topological lassos for X— trees with 
at most five leaves. That paper will also show, in particular, that all 
edge-weight lassos for such a tree are strong lassos and that there are 
minimal topological lassos for every binary X— tree {V, E) with exactly 
five leaves (there is 'essentially' only one such tree) that have cardinality 
\E\ = 7 while most such lassos are bipartite and have cardinality 6. 
And, using our recursive approach, we will draw some consequences 
that are of general interest for lassos for arbitrary X— trees. 

In addition, noting that the minimal edge-weight lassos for an X— tree 
T form the set of bases of a certain matroid with point set (^) denoted 
by M(T), we will study this matroid in yet another paper. In partic- 
ular, we will show that T is determined, up to equivalence, by M(T), 
i.e., "T ~ T' M(r) = M(r')" holds for any two X-trees T, T'. 

We will also show that 

(i) a binary X— tree T is a caterpillar tree if and only if the matroid 
M(r) is a binary matroid, 

(ii) a subset C of (^) is a strong lasso for some X— tree T if and only 
if it is a non-bipartite topological lasso for T - more generally, 
the co-rank of some connected subset C of ('^) in M(r) that is 
a weak lasso for T never exceeds 1, and it coincides with 1 if 
and only if C is bipartite which can happen for T only if every 
T— cherry is a proper T— cherry, and 

(iii) the edge set £ of a complete bipartite graph with vertex set X 
is a topological lasso if and only if £ has co-rank 1 in M(T). 

We will not deal here with the corresponding 'existence question': 
Given a subset C of (^) and some map D : £ — )■ X, when does D 
extend to a tree metric on X? The computational complexity of this 
existence question has been settled, as it is nothing but the 'Matrix 
Completion to Additive' problem that - not unexpectedly - was shown 
to be NP-complete ([ID], Theorem 6), and algorithmic approaches to 
special instances of this problem have already been explored in | il2j , 
[13], and [IB]. 

Also, our focus here is on the mathematical, rather than the algorith- 
mic, aspects of the uniqueness question, as the mathematical structure 
underlying that question appears to be intricate enough already com- 
pared with the case settled long ago in which all distances are known. 
As such, it seems to deserve especially dedicated attention. 
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4. Some basic properties and some instructive examples 

OF lassos 

Assume throughout this section that T = {V, E) is an X— tree and 
that £ is a subset of (^). Recall that we will often write xy as a, 

shorthand for {x,y}. 

We begin by noting that edge-weight lassos can be characterized in 
terms of the linear forms their cords induce on the real vector space 

Theorem 4.1. The set C is an edge-weight lasso for T if and only if 
X — [jC and there is no non-zero map ujq G such that the linear 
maps 

(9) : M^^M : u ^ uj+{ET{x\y)) ( = D^{x,y)) {xy e (^^^ ) 

vanish on ujq for all xy ^ C 

In particular, \C\ > \E\ rriMst hold for every edge-weight lasso C for 
T, and \C\ = \E\ must hold for every minimal edge-weight lasso C for 
T. 

c 

Proof: If (r, uj) = (T, u>') would hold for two distinct proper edge weight- 
ings (x!,uj' & flT, we would have X^y{u)Q) — for all xy & C for the map 
ujq :— oo — oo'. And if, conversely, X'^y{uJo) — holds, for all xy e C, 
for some non-zero map ojo G K^, adding a sufficiently small multiple 

of ojq to any proper edge weighting a; of T would yield a proper edge 

c 

weighting cu' ^ u oi T with (T, tu) = (T, u'). The last claim follows by 
applying some basic linear algebra to the bilinear pairing 

(...|...)^ : X R^^R : {p,uj) ^ {p\co)t := E^yecPM ^.yH- ■ 

We will say that an edge-weight (or a strong) lasso £, for T is tight 
if the number of cords in C coincides with the number |£^| of edges of 
T or, cquivalcntly, if the bilinear map defines a proper non- 

degenerate pairing between R^ and R^, i.e., it identifies each of these 
two vector spaces with the dual of the other. 

We now show that C is connected if £ is a topological lasso for T, and 
that it is 'strongly non-bipartite' — i.e., every connected component of 
the graph r(£) is not bipartite — if £ is an edge-weight lasso for T: 

Theorem 4.2. 

(i) If n> 4 holds and C is a topological lasso for T, then C must he 
connected. 
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(ii) // L is an edge-weight lasso for T, then £ must be strongly non- 
bipartite. 

(iii) In particular, L must be connected and non-bipartite if C is a 
strong lasso for T. 

Proof: (i) Suppose there exists a bipartition of X into two non-empty 
disjoint subsets A and B such that C contains no cord of the form 
ab with a E A and b E B. Consider any proper edge weighting u of 
r, the two trees T\a and T\b obtained by restricting T to A and B, 
respectively, and the associated edge weightings uj\a and u\b of T\a 
and T\b. Obviously, we can always form an X— tree T' with a proper 
edge weighting co' such that T' is not equivalent to T while T\a = T'\a 
and T\b = T'\b as well as uj\a — t^^'U "^Is — '^'Ib and, therefore, 

also {T,u) = (T',u') holds, for example by 'fusing' T\a and T\b via 
any appropriately chosen bridge. 

(ii) Suppose that C contains a connected component that is bipartite 
relative to some bipartition of its vertex set Y into the two subsets 
and Y~ . Then, the set C can never be an edge- weight lasso for T 
as, given any proper edge weighting of T with positive weights on all 
pendant edges, one can always add some small constant r to the weights 
of all pendant edges containing a leaf from Y~^ and subtract the same 
amount from the weights of all pendant edges containing a leaf from 
Y~ without changing the distances between any two leaves x,x' e X 
with xx' e C. 

(iii) The last assertion is a trivial consequence of the first two asser- 
tions. I 

Definition: Given any cord c = xx' e £, let r(£, c) — {X — c, £^'^) 
denote the sub-graph of r(£) = {X, C) with vertex set X — c and edge 

set 

£('^) \— ^yy' e £ : yy' C X—c,xx'\\yy' e Q{T), and xy,x'y' e £ or xy',x'y e £}. 

□ 

Clearly, given an edge- weighted X— tree (T', co') with (T, cu) = (T', cu'), 
one has 

(10) D^{xx'\yy') = D^>{xx'\yy') 

for any two distinct elements y,y' G X — c with yy' G £*''^^ as if, 
say, xy,x'y' G £ holds, one has Diji{x,y) -\- Diji{x',y') = Dij{x,y) + 
D^{x',y') > D^{x,x') + D^{y,y') = D^,{x,x') + D^,{y,y'). We claim: 

Theorem 4.3. Consider a subset £ of (^) with X — [jC and a cord 
c = xx' G £, and assume that T is an X—tree. Assume further that the 
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restriction T {C, c)\ A ofT{C,c) to any subset A of X — c for which A, X — 
A is a virtual T— split is connected, that u is a proper edge weighting of 
T , and that T' is another X—tree with a proper edge weighting u' such 

that (T,u) = {T',uj') holds. Then, D^^^xx'lyy') = D^i{xx'\yy') must 
hold for any two distinct elements y,y' E X — c with xx'\\yy' G Q(T). 

In particular, the subset C of (^) must be a topological lasso for T 
if the two elements x, x' in c form a proper T— cherry and r(£, t)\A is 
connected for any subset A of X — c for which A, X — A is a virtual 
T— split. 

Proof: Consider two distinct elements y,y' G X — c with xx'\\yy' G 
Q(T). To show that D^{xx'\yy') = D^i{xx'\yy') holds, we will use 
induction relative to the cardinality of the union A of the two disjoint 
and non-empty subsets A{y\y'x) and A{y'\yx) for which, according to 
2.3.7, the split A, X — A a. virtual T-split implying that, in view of 
our assumptions, the restriction r(£, c)\a of r(£, c) to A C X — c is 
connected. If |A| = 2 holds, this implies that yy' G C^'^'' and, therefore, 
also Di_j{xx'\yy') = D^i{xx'\yy') must hold. 

Otherwise, our induction hypothesis implies that D^{xx'\ya) = Di^/{xx'\ya) 
holds for all a G X — {x,x',y,y'} with ya\\xy' G Q(T), and that 
D^{xx'\y'a') = D^'{xx'\y'a') holds for all a' G X — {x,x',y,y'} with 
y'a'\\xy G Q(T). Furthermore, our assumption that T{C,c)\a is con- 
nected now implies that there must exist some cord aa' G C^'^'' and, 
therefore, D ) = D (^XX I QjQj ) with a G A{y\y'x) and a' G 

A{y'\yx). So, our claim holds in case a = y and a' = y'. If, say, 
a ^ y and a' = y' holds, our induction hypothesis implies Di^i{xx'\ya) = 
D^{xx'\ya) > D^{xx'\ay') = D^i{xx'\ay') and, therefore, D^{xx'\yy') = 
Di^{xx'\ay') = D^i{xx'\ay') = D^/{xx'\yy') in view of ([7]). And if a y 
and a' ^ y' holds, our induction hypothesis implies Di^r{xx'\ya) = 
D^[xx'\ya) > Di^{xx'\aa') = D^/{xx'\aa') and Dtji{xx'\y'a') = D^{xx'\y'a') > 
D^{xx'\aa') = D^'{xx'\aa') and, therefore, D^{xx'\yy') = Di^{xx'\aa') = 
Di_j'{xx'\aa') = D^i{xx'\yy') in view of ([8]), as claimed. 

In particular, if the two elements x, x' in c form a proper T— cherry, 
they must also form one in T', and a bipartition A,BoiX with, say, 
X E B forms a non-trivial T— split if and only if B contains also x' and 
D^{xx'\aa') > D^{xx'\ab) or, equivalently, Di^'{xx'\aa') > Di_j'{xx'\ab) 
holds for all a, a' G A and b E B, that is, if and only if A, B forms a 
non-trivial T'— split. So, T c:^ T' must clearly hold in this case in view 
of the last remark in 2.3.7. Remarkably, requiring only that T{C, c)\a 
is connected in case A, X — A is a T— split, does not even imply that 
£ is a weak lasso for T. I 
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To conclude this section, we now discuss two instructive examples: 
We have seen above that there exist topological lassos for X— trees (e.g., 
the tree T4) that are not edge-weight lassos. To show that, conversely, 
there exist edge-weight lassos for X— trees that are not topological 
lassos, consider the 'star tree' 

T* = {V* ■=XU {*}, E* := {{*,x}:xe X}) 

with leaf set X and exactly one 'central' vertex '*' of degree n > 3 
adjacent to all leaves of T*. While it is obvious that any subset of (^), 
even the empty set, is a topological lasso for the star tree T* in case 
n = 3, there is only one topological lasso in case n > 4, viz., the set (^) : 
Indeed, if u is, e.g., the 'all-one' map 1^* and if some cord ab G (^) 
is not contained in a subset C of , we may "extract" the two leaves 
in that cord to form a proper cherry that is attached to a vertex v of 
degree 3 that in turn is attached to the central vertex * of T* and adjust 
the edge length accordingly by putting, say, w'({a, v}) = u'{{b, v}) = 
(jj'{{v,*}) = 0.5 and (jj'{{x,*}) = 1 for all x E X — {a,b} to obtain 

an X— tree T' with an edge weighting u' for which (T*,uj) = {T',u') 
holds. So, no proper subset of (^) can be a topological lasso - and, 
hence, even less a strong lasso - for T*. 

In contrast, it is easy to see that a subset C of (^) with X = [JC 
is an edge-weight lasso for T* if and only if it is strongly non-bipartite 
implying that - in accordance with Theorem l4.1| - any edge- weight lasso 
for T* contains at least n cords and that all minimal edge-weight lassos 
for T* are tight, i.e., they contain exactly n cords: Indeed, it follows 
from Theorem 14.21 (ii) that any edge- weight lasso for any X— tree must 
be strongly non-bipartite. And, conversely, if a subset C of (^) is 
strongly non- bipartite, there exists, for every x G X, some sequence 
Xo := x,Xi,X2 ■ ■ ■ ,X2k,X2k+i ■= X, k > 0, consisting of elements from 
X such that XjXj+i G C holds for all i = 0, . . . ,2k. Thus, if u,u' 

are any two edge weightings of T* with {T*,uj) = {T*,u'), the sum 
E?=o(-l)'^^(^i'^m) = E?=o(-l)'(^(e^J = 2a;(e^) must 

coincide with the sum ^^=o(~-'-)*-^'^'('^«' ~ '^^'{^x) implying that 
u and u' must coincide on all edges of T*. 

It follows in particular that, in contrast to Assertion (i) in Theorem 
14. 2[ £ can be disconnected if £ is merely an edge-weight lasso for a 
(non-binary) X— tree. An example is provided by the star tree with the 

leaf set Xg := {a, b, c, d, e, /} and the set C := (^"'2''^) ^ i^^^'f^) ^^ich, 
consisting of two disjoint triangles, is clearly strongly non-bipartite. 
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However, we will see shortly (Corollary 15. 5 p that L must be connected 
whenever L is an edge- weight lasso for a binary X— tree. 

Finally, we show that there exist edge-weight lassos also for bi- 
nary X— trees that are not topological lassos: Consider the set Xg := 
{a, 6, c, a', 6', c'}, the binary Xg— tree depicted in Fig. Hj and the 
subset 



U {aci ,W ,cd) 



of \ '^6 is an edge-weight lasso for Tg, since we can determine, for 
any proper edge weighting u of Tg, the values of D{x, y) for the metric 
D := for the six 'missing' cords xy in {^^^ — £g starting from the 
D-values of the cords in Cq. For example, we have D{a, b') = D{a, c) + 
D[b,b') — D{b,c), from which we can compute D{b,a') as D{b,a') = 
D{a, a')+D{b, b')—D{a, b'). By symmetry, we can also compute D{c, a') 
directly from the data and, then, D{a,c') which, finally, allows us to 
also compute D{b,c') = D{b,a') + D{a,c') — D{a,a') and D{c,b') = 
D{c, a')+D{a,b') - D{a,a'). 





Figure 4. The binary {a, 6, c, a', 6', c'}— tree Tg for 
which £g as defined in fITT]) is an edge- weight, but not 
a topological lasso. 



However, the example in Fig. |5] shows that £g does not lasso the 
shape of Tg and, so, is not a strong lasso for Tg. 



5. Towards a recursive analysis of lasso sets 

In this section, we will establish a result that can be used to analyse 
lassos recursively: Given an X— tree T = {V,E), we define a non- 
empty subset f/ of F to be a T-core if the induced subgraph Tjj : = 
{U,Eu := {e G T" : e C f/}) of T with vertex set U is connected 
(and, hence, a tree) and the degree degj.^{v) of any vertex v in T[/ is 
either 1 or coincides with the degree degrp{v) of v in T. Clearly, putting 
Ey = T'J := {e & E : V ^ e} and iV„ = Nj := Uee£;„e for every vertex 
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Figure 5. Although vCg is an edge-weight lasso for Tq, 
it fails to be a strong lasso since both of the two edge- 
weighted trees depicted above induce the same distances 
on all cords in Cq. 

V of T, Ny is a T-core for every v e V, and so is |Jdg;7 for every 
subset U of V for which Tjj is connected. 

It is also obvious that Tu must be an X^/— tree for Xjj := {y ^ U : 
degrp^{y) = 1} for every T-core U CV as Xu is the leaf set of Tij. 

Further, let xu denote, for any leaf x e X of T and any T-core 
[/ C y, the gate of x in i.e., the unique vertex in U that is closest to 
X. Note that Xu must coincide with the set gateu{X) :— {xu x e X} 
of all gates of the elements of X in U . 

Finally, for any subset C of (^) , let Cu denote the set consisting of 
all pairs of distinct elements y,y' in Xu for which there exists a cord 
xx' e C with Xu — y and x'^ — y' . Then, the following holds: 

Theorem 5.1. Given an X-tree T = iy,E), a T-core U C V, 
and a subset C that is a weak, an edge-weight, a topological, or a 
strong lasso for T. Then, the set Cu is, respectively, a weak, an 
edge-weight, a topological, or a strong lasso for Tu- In particular, the 
graph r(>C[/) = {Xu, Cu) must he strongly non-bipartite for every T- 
core U C.V whenever C is an edge-weight lasso for T. 

Proof: Indeed, this is a direct consequence of the following simple obser- 
vation: Given any Xu-tree T = ([/', F') with U' ^ Xu, the graph 
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T* with vertex set V* := {V -U)UU' and edge set E* := {E-Eu)UF' 
obtained by replacing the interior vertices and edges of Tu in T by those 
of T' is a well-defined X— tree. Furthermore, one has 

Exuixulyu) ^ Erixly), ET'{xu\yu) ^ ET'{x\y), 

and 

ET{,x\y) - ETu{xu\yu) = ET'ixulvu) - Er^xly), 

for all X, ?/ G X. So, restricting any edge weighting a; of T to the edges of 
Tjj induces an edge weighting cou of T^, and extending any edge weight- 
ing u' of T' to an edge weighting u* of T* by putting u*{e) := u{e) 
for every eEEr\E* = E — Ejj yields pairs of edge- weighted X— and 

X[/— trees such that (T*, u*) = (T, u) if and only if (T', u') = (Tu, ujj). 
I 

This theorem has a simple, yet useful consequence. To describe it, 
we define the following graph. 

Definition: Given a non-empty subset C of (^) , an X— tree T, and 
a vertex v of T, let G'(£, v) denote the graph with vertex set E^ and 
edge set £c,v consisting of all pairs {e, e'} G l^^) which some cord 
xy in C with e, e' G exists. □ 

Given any interior vertex v E V, we can apply Theorem 15.11 to the 
T-core U := which, together with our results on star trees, yields: 

Corollary 5.2. Given any interior vertex v eV and any edge-weight 
lasso C for T, the graph G{C,v) is strongly non-bipartite and is there- 
fore the complete graph with vertex set E^ if degrp{v) =3. It is also 
the complete graph with vertex set Ey independently of the degree of v 
when C is a topological lasso for T . 

It follows that a necessary condition for a subset C of (^) to lasso the 
edge weights or the shape of an X— tree T is that the graph G{C,v) 
is strongly non-bipartite or the complete graph with vertex set Ey, 
respectively, for every interior vertex v of T. 

5.1. Tiie case of a proper cherry a, b. Let us now suppose that a, b 
is a proper T— cherry for some X— tree T = (V, E) and let Cab G E 
denote the unique interior edge of T that is adjacent to v := Va = Vb so 
that Ejj = {ca, eb, eab} holds. Note that the set U = Uab := V — {a, b} 
obtained by deleting the two leaves a, b in the vertex set \^ of T is a 
T-core, and that the leaf set Xu of the associated tree Ty with vertex 
set U coincides with the set (X — {a,b}) U {v}. Note also that Cab 
is the unique pendant edge e^*^ of containing its leaf v, and that 
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V = au = bu, Ejj = E — {ca, e?,}, and \Eu\ = \E\ — 2 holds. 

We pause to introduce some further terminology. Given any non- 
empty subset C of {^) , put C"-'' := C — {ah} and, given in addition any 
two distinct elements x,y G X, put 



6^ 



xy^C 



1, if x?/ G £; 
0, otherwise. 



Further, let C) denote the set 

X{x,C) := {y e X : xy e C}. 

If uu denotes the restriction of an edge weighting u G Qt to Eu, the 
linear maps X'^y introduced above (Eqn. [9]) satisfy: 

(12) X^,{uj) = uiea) + X^U^u) and Xl{u) = uie^) + X^^ (uju) 

for all X E X — {a,b}, and X'^y{u) = X'^lj{uu) for every cord xy G 
(^-My We also have 

Cu = {'Cn (^^ ~ ^'''^^^) U {{x,v} : X e X{a, C^'') U X{b, C')} 
and, therefore, also 

(13) \Cu\ = \C\ - 6abec - \X{a,C''')nX{b,C''')\ 

for every subset C of (^) . Thus, if £ is a tight edge-weight lasso for T, 
we must have 

|£| = = l^^l +2 

<\Cu\+2 = \C\~ 5abec - |X(a, £"^) n X(6, £"^)| + 2 
= |£| + 1 - \X{a,C''^)nX{b,C''^)\ < l-^l + 1 

because (i) Cu must be an edge-weight lasso for Tu according to The- 
orem [SH] and (ii) ab E C must hold in this case. 

In consequence, the induced edge-weight lasso Cu for Tu is tight if 
and only if there exists some (necessarily unique!) leaf x E X — {a, b} 
with xa,xb G C. Otherwise, X(a,£''^) n X{b,C''^) = must hold and 
Cjj has cardinality \Eu\ + 1 in which case there must exist - up to 
scaling - exactly one non-zero map pu '■ (^^)— i-M with support in Cu 
and 

J2 Pu{x,y)Xl'^ = 0. 

xyeC'u) 
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Furthermore, we must have a := X]xgx{a Pu{x,v) 7^ and /? : = 
Sxex(6£"'') Pui^i^) 7^ for every such non-zero map pu: Indeed, put 

f N _ J Pu{xu,yu), if xy e £; 
'^^^'''^■"1 0, ifx,G(f)-£; 

and note that p is a non-zero map with support in C. Note also that - 
as Cu is, by assumption, the disjoint union of {{v,x}:xe X(a, 
{{v,x}:xe X{b,C^^)}, and Cu n (^"J"'^^) - also 

pu{x,y) Xl^iuu) + Pi(^^^){^lvM +(^{ea)) 

+ Y p{b,x){\l^,{uu)+uj{eb)) 
= Y Pu{.x,y)\l'^{uu) + a uj{ea) + 13 u{eb) 

must hold for every map uj G M^. However, noting that '^^y^(x^j^ Pu{x, y) 

vanishes by our choice of pu, we must (with 6^^^ as defined by Eqn. ([5]) 
) also have 

= Y Pu{x,y)\l'^{6eJ 

Y Pu{x,v)+ Y Pu{x,v) 

x&X{a,C"-i') xeX{b,C"-i') 

= a + 13 

So, a = would imply that also /3 = must hold and, therefore, also 

Y p(^^y)^xyi^) = Y Pui^^y) >^lyM = 

xy€{^,) ^yeC'r) 

for every map u G M^, which is impossible if £ is a tight lasso for T. 
This yields a good part of the following result. 

Theorem 5.3. Continuing with the definitions and notations intro- 
duced at the start of Section 15.11 a subset C of (^) is an edge-weight 
lasso for T if and only if: 
(Ul) £ contains the cord ah; 
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(U2) Cu is an edge-weight lasso for Tjj; 

and at least one of the following two assertions (U3 — a) or (U3 — b) 
holds: 

(U3 — a) The two subsets X(a, and Xih.C^^) of X have a non- 
empty intersection. 

(US — b) There exists some non-zero map pu : ("^^)— J-M with support 
in Cu and 

Pu{x,y)X^^ = as well as ^ pu{x,u) ^ 0. 

In particular, a subset C of (^) is a tight edge-weight lasso for T if 
and only if it has cardinality \E\, and (Ul), (U2), and either one of 
the following two assertions (U3 — a') or (U3 — b') holds: 
(US — a') Cu is a tight edge-weight lasso for Tjj, 

(U3 — b') Cu has cardinality \Eu\-\-l = \C\—1 andj^xexiac^b^puixju) ^ 
holds for every non-zero map pu '■ ("^^)— j-M with support in Cu for 
which T.xyeCuPui^^y)^ly = ^^Ids. 

Proof: In view of our observations above applied to any tight lasso for 
T = (V, E) contained in C, it suffices to show that a subset C of (^) 
is an edge-weight lasso for T if (Ul), (U2) and at least one of the 
assertions (U3 — a) or (US — b) hold. 

So, assume that, for some map rj G M^, one has )^y{rj) = for all 
cords xy e C. We have to show that ri{e) = must hold for every edge 
e E E. To this end, note first that to establish our claim, it suffices, in 
view of ([12]), to show that, if (Ul), (U2), and either (U3-a) or (U3-b) 
hold, then //(e^) = ri{eb) = must hold for every map r] G M'^ as above. 

Yet, if (U3-a) holds (i.e., if xa, xb E C holds for some x G X — {a, b}), 
the assumption that X^y{r]) = holds for some r] G M'^ and for all cords 
xy E C implies that the following hold: 

= >^Ibiv) = V{ea) + v{eb), 

= >^axiv) = viea) + XL{vu), 

= >^L{v)=vieb) + Xl^{Vu)- 

This readily implies ri{ea) = vi^b) = in this case (since we may add 
the first equation to either the second or the third one, and subtract 
the other one). 

Moreover, if (Ul) and (U2) hold, if J2xye(^u^ Pu{.x,y))^}^ = and 

also X]a;ex(a Pu{x, u) ^ holds for some non-zero map pu : {^2) 
and if A J (77) = holds for all xy E C for some map 77 G M^, we must 
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have 

Ar^(w) = -Viea) for all x G Xia^"'), 
>^lUvu) = -Vieb) for all x G 

and 

pu{x,y)Xllj{r]u) = for all xy G 

Thus, evaluating the identity J2xy&Cu Pui^iy)^xy = on r]u and not- 
ing that Cij is, by assumption, the disjoint union of {{t;,a;} : x G 
X{a, {{v,x}:xe and Cu n {^'l'''''^), we get: 

= -pu{v,x)r]{ea) + ^ -pu{v,x)r]{eb) 

= -V{ea){ Yl Pu{v,x)) -v{eb){ Yl Pui^^x)). 

x&X{a,C'^b) x&X{b,C'^'^) 

Furthermore, evaluating the identity Ylixye[^v^ Pu{.x,y)\^^ = on the 
map 5ea5 (Eqn. [5]) also yields the following: 

0= Y Pui^^^)= Y Pui'^^^x)+ Y Pui^^^) 

x&X-{a,b} x£X(a,C°-'^) xeX{b,C<^^) 

and, therefore, the following holds: 

= (??(eb) - ?7(ea)) Y Pu{u,x). 

xeX{a,C'^>') 

So, our assumption ^^(zx(a,c^'') pu{x,v) ^ implies = ■r]{eb) - rj{ea) 
which, together with = Xabiv) = vi^a) + vi^b), implies that also in 
this case = ri{ea) = vi^b) must hold, as claimed. i 

Our observations imply also that we can construct all the tight edge- 
weight lassos of T from the edge- weight lassos C of Tjj with \C'\ < 
\Eu\ + 1 as follows: 

Corollary 5.4. (z) Given any tight edge-weight lasso C ofTjj, there 
is a canonical one-to-one correspondence between all tight edge-weight 
lassos C of T with Cu = ^' dnd all pairs of subsets A,B of Xu{v, C) 
with \ AnB\ = l. 

(ii) Furthermore, given any edge-weight lasso C of Tu of cardinality 
\Eu\ + 1, there is a canonical one-to-one correspondence between all 
tight edge-weight lassos C of T with Cu = C and all pairs of disjoint 
subsets A,B of Xuiy, C) for which 'Y^^^aPu^-'^''^) ^ holds for one 



X-{a,h} 



24 ANDREAS W.M. DRESS, KATHARINA T. HUBER, AND MIKE STEEL 



(or, equivalently, every) non-zero map pu '■ ( 2^)~^I^ with support in CJ 
for which Y.xy^{'^v^^ Pui^, y)^ly = holds. 

In both cases, the correspondence is given by associating to each pair 
A, B, the set: 

:= (£' n ) U {ax : X G A U {h}} U {hx : x e B}. 

As a second consequence of Theorem 15. 31 we have the following result 
already indicated in the remark at the end of Section HI 

Corollary 5.5. If C is an edge-weight lasso for a binary X—tree, then 
(X, C) is a connected graph. 

6. Shellability 

In this section, we introduce a concept that relates to strong lassos 
and will apply in particular in the discussion of all edge-weight lassos 
for X— trees with |X| = 5 and other examples in [8]: Given a subset 
C of (^) with X = [JC, and an X— tree T, we say that (^) — £ is 
T-shellable if there exists a labelling of the cords in (^) — C as, say, 
ai6i, a2&2, • • • 1 CLmbm such that, for every /i G {1,2,..., m}, there exists 
a pair x^,y^ of 'pivots' for a^b^, i.e., two distinct elements x^,y^ G 
X — {a^,6^}, for which the tree T|y^ obtained from T by restriction 
to := {a^,6^,x^,?/^}, is a quartet tree of type 6^, and all 

cords in (^'') except a^b^ are contained in £^ := £ U {^a^ib^i : G 
{1,2,. — 1}}. Any such labelling of (^) — C will also be called a 
T-shelling of (^) — £, and any subset C of (^) for which a T- shelling 
of (^) — £ exists will also be called an s— lasso for T. 

6.1. Example. Consider the caterpillar tree on X5 depicted in 
Figl2l We claim that the set £ := {ab,bc,cd,de,ea,ad,ac}, is an 
s— lasso for T5: Indeed, labelling the elements in the cords in ("^^ — £ = 
{bd, be, ce} as 

ai := c, 61 := e; 02 := 6, 62 := e; and 03 := b, 63 := c? 

yields a Ts— shelling of (^) — £ because, choosing the elements 

Xi := a, := d; X2 '■= a, y2 ■= c; and X3 := a, ys := e 

as pivots, the quartet trees Tsjy^ are indeed quartet trees of type 
af^x^Wb^yf, for = {a^,b^, x^,y^}, fi = 1,2,3, as required, and all 
cords in (^^) except a^6^ are contained in £^ = £ U : ^' G 

{1, 2, . . . , /z — 1}} for all /i = 1, 2, 3. Thus, hsting the cords in (^) — £ 
'anti-lexicographically' in the order ce,be,bd yields a Ts— shelling of 
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(^) — £, implying that £ is an s— lasso for T5 as claimed. □ 

We now establish the following simple, yet sometimes rather helpful 
result: 

Theorem 6.1. Every s— lasso C C for an X—tree T is a strong 
lasso for T. 

Proof: Given a T— shelling 0161,0262, • ■ ■ ,o-mbm of (^) — C with cor- 
responding pivots Xi,yi; X2,y2', ■ ■ ■ Xm,ym, we can compute, for ev- 
ery proper edge weighting u of T, the distances D^{a^,b^) for all 
fj, E {1,2, ... , m} recursively, because: 

must hold in view of the fact that, by assumption, 

D^ia^,, x^) + D^{h^, y^) < D^{a^„ 6^) + D^{Xf„ y^) 
must hold. I 

The converse to Theorem 16.11 does not hold, that is, there exists an 
X—tree T and a strong lasso for T that is not an s— lasso for T, as the 
following example shows. 

6.2. Example. Put X-j := {a, b, c, d, e, f, g}, and let T7 denote the bi- 
nary X7— tree with exactly two proper cherries a, 6 and /, g, and the 
three 'single' leaves c, d, e. Assume furthermore that that the corre- 
sponding adjacent vertices Vc,Vd,Ve are passed in this order on the 
path connecting the cherry a, 6 with /, g. Then, the bipartite set 

£7 := {06, ad, be, be, cd, cf, de, dg, ef, fg} 

is a topological lasso for Tj since any X7— tree T' with (T7, u) = (T', u') 
for some proper edge weightings ui e VLt^ and uj' G VLt' must display the 
quartets ab\\cd,bc\\de,cd\\ef , and de\\fg which is well known to imply 
that T7 and T' must be equivalent (see e.g. |3] or [9]). It follows that 
adding the cord ag to £7 yields an edge- weight lasso for T7, since the 
associated 11 x 11 incidence matrix of paths (one for each cord) and 
edges of T7 has full rank. Thus £ = £7 U {ag} is a strong lasso for 
T7 which, however, is easily seen not to be an s— lasso for Tj as there 
exists not even any 4-subset Y of Xj with | (2) n £| > 5. 

7. Covers of binary X-trees 

Recall that, by Corollary 15. 2[ a necessary condition for a subset £ 
of (^) to lasso the edge weights (or, respectively, the shape) of a tree 
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T is that, for every interior vertex v of T, the graph G{C,v) defined 
above is strongly non-bipartite (or, respectively, a complete graph). 
This suggests the following: 

Definition: A subset C of ('^) is an e— cover of T if X coincides with 
[J £ and G{C, v) is strongly non-bipartite for every interior vertex v of 
T, and it is called a t— cover of T if X = [jC holds and G{C,v) is a 
complete graph for every interior vertex f of T - see Fig. [6] (i) below 
for an illustration. 

In the first part of this section, we restrict our attention to covers of 
binary X— trees. Clearly, e- and t— covers coincide for such trees - so, 
we will just call them covers in this case. 

By definition (and Corollary 15. 2p . every edge- weight lasso for an 
X— tree T is an e— cover of T. The converse, however, does not hold, 
not even for binary X— trees. For example, the topological lasso £4 = 
{ab, ac, bd, cd} for the quartet tree T4 of type ab\\cd depicted in Fig. [1] 
is clearly a cover for T^, but - in view of |£| < - it does not lasso 
the edge weights of T. 

Note also that, if £ is a topological lasso for T, then C must also be 
a t— cover of T. However, once again, the converse does not hold; for 
example, the subset 

(14) C'q := {ah, ac, a'b', a'c', bb' , cd} 

of as defined in (fTT!) is a cover for the two non-equivalent binary 
Xg— trees depicted in Fig. [51 

More strikingly, itself is, thus, both an edge-weight lasso and a 
t— cover for Tg, yet Cq fails to lasso the shape of this tree. 

We now describe two particular types of covers: Given a binary 
X— tree T = (V, E), we will say that a subset C of (^) is a triplet cover 
of T if, for every interior vertex v &V of T, there exist three distinct 
leaves a, 6, c with ab, ac, be E C and v = medT(a, b, c) (see Fig. [6] (iii) 
for an illustration of this concept). Note that a triplet cover of a binary 
X— tree T can be represented as a collection C of 3-element subsets of 
X with [JC = X and with the property that the function that assigns 
each triplet to its associated median vertex in T maps C surjectively 
onto the set of interior vertices of T. A combinatorial characterization 
of arbitrary collections C of 3-element subsets of X with [JC = X for 
which this function is injective for some binary X— tree is simply, as 
described recently in |7j, that | |JC'| > |C'| + 2 holds for all non-empty 
subsets C of C. 
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Secondly, given an element x G X, a subset £ of (^) is called a 
pointed x— cover of a binary phylogenetic X— tree T if it is a cover of 
T and there exist, for each interior vertex v of T, two distinct leaves 
a,b E X with ax, bx E C and v = medT(a, b, x) (see Fig. [6] (ii) for an 
illustration). Moreover, it is called just a pointed cover of T if there 
exists some x E X such that £ is a pointed x— cover of T. 




(i) (ii) (iii) 

Figure 6. (i) The three cords ab, b'c, and c'a' provide 
a 'cover of the degree 3 vertex f (ii) the three cords 
ax, bx, and a'b' provide a 'pointed cover of f (iii) the 
three cords ab, be, and ca provide a 'triplet cover of v\ It 
is possible for a = a' or b = b' (in cases (i) and (ii)) and 
also c = c' (in case (i)) (see text for details). 

Clearly, every triplet and every pointed cover of T is, in particular, 
a cover of T. To present some examples of triplet and pointed covers, 
recall first that a circular ordering of (the leaf set X of) an X— tree T 
is a cyclic permutation a of the elements in X for which there exists a 
planar embedding of T such that, for every x E X, the leaf that follows 
the leaf x when one traverses the leaves of T in that embedding in, say, 
a clockwise fashion is the leaf a{x). An equivalent characterization is 
that each edge of T is covered only twice by the paths connecting the 
n pairs of leaves in the set |{x,cr(x)} : x E X}. For example, there 
exist planar embeddings of the two Xg-trees depicted in Fig. E] such 
that the permutation (a, b, b' , a', c', c) is a circular ordering for both of 
them, while the permutation (a, b, a', d , b' , c) is a circular ordering for 
Tg (under a different planar embedding), but not for the other Xg-tree 
depicted in that figure under any planar embedding (as the three paths 
connecting the three pairs b and a' , a' and d , and d and b' share one 
edge). For more details on circular orderings, see [T6] . 
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Now, let (ao, cti, . . . , a„_2, fln-i) be a circular ordering for a binary 
X— tree T = {V, E), and put 

C := {aottj :z = l,...,n — 1}U {aj_iaj : z = 2, . . . , n — 1}. 

Then, |£| = |T| = 2n — 3 holds and £ is a triplet as well as a pointed 
Oq— cover of T, and it is a well-known fact that C lassos the edge weights 
of T (see Proposition 2.3 of [2J or [4J for the case where u{e) = 1 for 
all eeE). 

Further, if T is a caterpillar tree with the two cherries ao,ai and 
a„_2, a„_i and (ao, ai, . . . , an-2, ctn-i) is a circular ordering for T rel- 
ative to the planar embedding of T that is indicated in Fig. [TJ then 
the union C of the sets {aox : x E X,x ^ ao} and {a„_ix : x e 
a„_i} is a triplet as well as a pointed ao— cover of T for which 
|£| = = 2n-3 holds. 



ai. 



02 



ao 



Figure 7. A caterpillar tree for which 
(ao, ai, . . . , an-2, an-i) is a circular ordering. 

Theorem 15.31 implies the following result. 

Proposition 7.1. Every triplet cover C of a binary X—tree T lassos 
the edge weights for T . Furthermore, {T,u) = {T',oj') must hold for 
every proper edge weighting uofT and every pair (T',u') that consists 
of an X—tree T' and an edge weighting uj' of T' such that C is also a 

triplet cover ofT' and {T,u) = {T\uj') holds. 

Proof: Choose any T— cherry a,h and note that, with U = Uab '■ = 
V — {a, 6} and all the notations and conventions introduced in the 
context of Theorem 15. 3[ the subset Cu of (^'^) is a triplet cover of 
Xu whenever £ is a triplet cover of T. Thus, we may assume that, 
by induction, Cu satisfies our claims for Tjj- Moreover, every triplet 
cover C of T must contain the cord ab and there must exist some 
c G X — {a, 6} with ac, be G C So, all the assertions (Ul), (U2), and 
(U3 — a) must hold for C, implying that C is indeed an edge-weight 
lasso for T. 

Furthermore, given any proper edge weighting u of T, the pair a, b 
must form a T'— cherry in every X—tree T' for which C is also a triplet 

cover of T' and an edge weighting oj' of T' with (T, u) = (T', u') exists. 
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Indeed, it is obvious that, given any triple a', 6', d of distinct leaves 
with a'fe', a'c', h'd G £, the interior vertex medT(a', h' , c') is adjacent to 
a' in T if and only if we have 

D^{aa\b'c) = mm{Di^{a'a\yz) : y,z E X — {a}; a'y, a'z, yz G C), 

(note that, by definition (cf. [2]), Di_j{aa\bc) = D^{a,b) + D^{a,c) — 
D^(h,c) holds for all a, 6, c G X). Thus, if medT(a', c') is adjacent 
to a' for some a', 6', c' G X as above, this must also be true for the 

vertex medT'(a', c') in T', provided that {T,lo) = {T',u') holds. In 
particular, the pair a, b must form a T'— cherry if it forms aT— cherry 

and (T, a;) = (T',u') holds. It follows that (Tij,uu) = (Tlj,uy) must 
also hold and, by induction, therefore (Tu,uu) = {Tlj,u[j) also holds, 
which easily implies our claim {T,uj) = {T',uj'). I 

Regarding pointed covers, even a stronger result holds: 

Theorem 7.2. If a subset C of {^) is a pointed cover of a binary 
X—tree T, then C is an s— lasso and, hence, a strong lasso for T. 
More specifically, if C is a pointed x— cover of T for some x E X , 
then there exists an "x— shelling" Oibi, 0262, . . . Ombm of (^) — C, i.e., a 
shelling such that, for every // = 1, . . . , m, one of the two pivots x^, 
for a^b^ can be chosen to coincide with x. 

Proof: Clearly, we may assume, without loss of generality, that n > 5 
holds. Consider a (necessarily proper) T— cherry a, b not containing x. 
As above, we put U = Uah := V — {a^b} and use all the notations and 
conventions introduced in the context of Theorem 15.31 

First note that, if we have any two distinct elements y,z G X — 
{x, a, 6}, the tree T\{a,h,x,y} obtained from T by restriction to {a, 6, x, y} 
is always a quartet tree of type ab\\xy. Moreover, the two trees T|{a,x,y,z} 
and T\ijj^x,y,z} obtained from T by restriction to {a, x, z} and {b, x, z} 
are, respectively, quartet trees of type xy\\az and xy\\bz in case the tree 
Tu\{v,x,y,z} obtained from Tu by restriction to {v,x,y,z} is a quartet 
tree of type xy\\vz, and these two trees are, respectively, quartet trees 
of type xa\\yz and xb\\yz in case Tu\{^^x,y,z} is a quartet tree of type 
xv\\yz - see Fig. [8] for an illustration. 

Now assume that >C C (^) is a pointed x— cover of T for some leaf 
X G X. It is obvious that Cu is an pointed x— cover of Tjj. So, by 
induction, there must exist a shelling ai^i, 02^2, ■ ■ ■ , Ombm of {^^) — Cu 
such that, for every /i G {1,2,..., m}, there exists some element in 
Xjj — {x,a^,6^} for which the tree Tu\{ai,fi^,x,yy,} obtained from Tu by 
restriction to {a^^b^,x,y^} is a quartet tree of type a^x\\y^b^ and all 
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Figure 8. One of the various configurations that can 
occur for T if one adds the vertices y,y', z to the three 
vertices a, b, x (see text for details). 

cords in (W.''M^.a:^.yAi}) except a^6^ are contained in Cu^^ := CuU {a^'b^r : 
/i' G {1, 2, . . . , /i — 1}}. So, to produce an x— shelhng of (J^) — C, we 
may first take all cords in {^) — £ of the form ay with by & C and use 
b as their second pivot. 

Noting that the tree T\^a,b,x,y} is a quartet tree of type ab\\xy and 
that all cords in ^^"■''^'^'y^^ except for ay, are contained in C, we can 
take these cords in any order. 

Then, we take all cords in (^) — £ of the form by with ay G £ in 
any order and use a as their second pivot, which works for the same 
reason. Then, for each = 1, 2, . . . , m with v ^ {a^, 6^, y^}, we take 
the cord a^6^ and use y^ as its second pivot. In case y^ = v, we take 
the cord a^b^ and use a or 6 as its second pivot. In case = we 
take the cord ab^ and use y^ as the second pivot and then add the cord 
bb^, taking a as the second pivot. And finally, in case 6^ = v, we switch 
and b^ and, otherwise, proceed as above. Now, a simple inductive 
argument shows that this defines an x— shelling of (^) — £ as required.i 

Our earlier Example 16 . 1 1 illustrates Theorem l7.2[ as {ab, be, cd, de, ea, ad 
is obviously a pointed a— cover of T5. 

Let us finally return to the general setting of (not necessarily binary) 
X— trees and consider subsets £ of {^) that are of the form 

C = Ay B := {{a,b} : a e A,b e B} 

for some X— split A, B. For example (cf. Fig. [1]), the topological lasso 
£4 for T4 is of this form as it coincides with {a, d} V {b, c}. 

It follows immediately from our definitions that, given any 2-subset 
c = {x, x'} of X with X E A and x' E B and any subset Y of X — c, 
the restriction r(£, c)|y of the graph r(£, c) introduced in Section H] 
is the complete bipartite graph with vertex set Y whose edge set is 
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{A r\Y) V {B r\Y). Thus, it is connected if and only if one has either 
I y I = 1 or neither ACiY nor B (lY are empty. And it is also obvious 
that, whenever C = AV B is a cover of an X— tree T, one must have 
A (1 c ^ ^ ^ B n c ioT every 2-subset c of X whose elements form a 
T— cherry. 

C can therefore only be a t— cover of an X— tree T if there exist no 
three distinct leaves a, 6, c of T with Va = Vb = f c- Thus, Theorem 14.31 
implies the following characterization of topological lassos C that are 
of the form C = AM B for some X— split A, B: 

Theorem 7.3. Given an X—tree T and an X— split A,B of X , the 
following four assertions are equivalent: 

(i) The subset Ay B of (^) is a topological lasso for T. 

(ii) Ay B is a t— cover of T . 

(iii) Ar\t 7^ 7^ Br\c holds for every 2-subset c of X whose elements 
form a 

T— cherry. 

(iv) The bipartition A,B of X is incompatible with every non-trivial 
virtual T— split. 

Proof: It is obvious from the definitions and previously recorded facts 
that "(i) (ii) (iii)" holds. The implication "(iii) (iv)" holds 
because any subset A' of X for which A', X — A' is a. non-trivial virtual 
T— split must contain two elements that form a T— cherry. 

And "(iv) =^ (i)" holds in view of Theorem 14.31 First observe that 
there exists always a 2-subset c of X whose elements form a proper 
T— cherrjU. Note next that, for any such 2-subset c, there must exist 
X G A and x' G B with c = {x, x'} (as A, B is supposed to be incompati- 
ble with every non-trivial virtual T— split and, hence, in particular with 
the T— split c,X — c), and that (for the same reason) AnY ^ ^ B^Y 
must hold for every subset y of X — c for which y, X — y is a non-trivial 
virtual T— split implying that r(£, c)|y must be connected (as required 
in Theorem 14.31) . I 

8. Remarks and questions 

Our results raise further questions concerning the properties of dif- 
ferent types of lassos: 

^To see this, just take any leaf a of maximal distance to some other arbitrary vertex 
u. Then, a must be part of a cherry a, h whose elements a, h must be adjacent to 
an interior vertex v — Va — v\, that is incident with only one interior edge (by 
the maximal distance to u assumption) and with no other pendant edge (by the 
condition imposed in (iv)). So, a, h must necessarily be a proper cherry. 
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Ql. Does there exist a triplet cover of a binary tree that is not a 
strong lasso? 

Q2. Can we characterize those covers of a binary X— tree T that are 
a tight edge-weight or strong lasso of T? 

Regarding the second question, two necessary conditions for a cover 
of a binaryX— tree T of cardinality 2n — 3 to lasso the edge weights of 
T are as follows: 

• For each subset y of X of cardinality m, the cardinality of 
C n (^) cannot exceed 2m — 3 (to avoid over-determination at 



• If ab, be, cd, da G C holds for some four leaves a, b,c,dG X, then 
no edge of T can separate a, c from b, d (as this would imply 
that D{a, b) + D(c, d) = D{b, c) + D{d, a) would hold). 

It may also be of interest to investigate further the properties of weak 
lassos. Note that if T is a binary X— tree, then £ is a weak lasso for 
T if and only if £ is a topological lasso for T; however, for non-binary 
trees, these are quite different concepts. For example, any subset of 
(^) (including the empty set) is a weak lasso for the star tree T* with 
leaf set X since any X— tree is a resolution of that tree, but it requires 
all of (^) to lasso the shape of T*. 

Finally, we can view a triplet cover as a subset of (^) that contains 
all the cords "induced" by a sufficiently large collection of subtrees 
each of which has three leaves. Thus, it is mathematically natural, and 
relevant to phylogenetic analysis (supertree reconstruction), to study 
the lasso properties of subsets of (^) that are induced by collections of 
phylogenetic trees with three or more leaves. More precisely, given an 
X— tree T and a collection V = {Xi, . . . , X^} of subsets of X, let 



It would be of interest to determine conditions on V in order for 
C-p to lasso T, at least in case T is binary. The quartet case (where 
all sets in V are 4-subsets of X) is an obvious candidate for analysis, 
in view of a range of combinatorial results from [3j, [H], [S] and [T7]. 
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